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This lecture focuses on the multiplicative weight update method in the context of the experts problem, along with
a couple of applications in linear programming and semidefinite programming. At a high level, the MWU method is
commonly used in settings where we make use of a fixed set of sources to achieve some goal. Rather than increasing
the size of the set to gather more information, the multiplicative weights update method relies solely on iteratively
reweighting the sources based on observed performance to move closer to the goal over time.

1 The Experts Problem (actual lecture content)

In this specific setting, we assume that we have access to n Experts where an Expert can be understood as a
function e; : N — R where ¢;(t) is the “prediction” that Expert e; gives on day ¢. On day ¢, we have access to the
Experts’ predictions which we use to make our own prediction for the day. The correct answer is revealed at the end
of the day each day. The situation now reduces to an optimization problem: how to make predictions based on the
experts’ advice such that over the course of 7" days so that the total number of mistakes you make is minimized?
An obvious idea is to trust the better experts more, and vice versa. Problem is, you don’t know which Experts are
good to start with. But ideally you want to do as well as the best Expert in hindsight.

1.1 Binary outcomes — the majority algorithms

Imagine being someone whose job is to predict whether a certain stock will go up or down, first thing in the morning,
every single day, for T days. This is a problem with binary outcomes, and so we may assume that e;(¢t) € {—1,1}.
We aim to understand the solution to this problem within the MWU framework.



1.1.1 Case 1: There is a perfect Expert — Majority

Assume that one of the n experts never makes mistakes. But again, you do not know which expert that is. The
solution is referred to as the Halving algorithm. Each expert is weighted either 0 or 1. We start by giving all Experts
weight 1. On day ¢, we make a prediction by taking the majority vote of the experts weighted 1. At the end of day
t, we update the weight of Experts who were previously weighted 1 but made the wrong prediction on day t to 0.
What it does is simply “eliminate” all Experts who have made a mistake at any point in time. Since there is a
perfect Expert, the algorithm always leaves us with at least one Expert.
To summarize the multiplicative weight update rule, where w;(¢) denotes the weight of the expert i on day ¢t > 2,
we have
) 1-w;(t—1) Expert i is correct on day ¢

=0 w;(t —1) otherwise.
Note that each time we make a mistake, at least half of the weight-1 experts have their weights updated to 0. One
may then deduce easily that the total number of mistakes the algorithm makes, m, satisfies

m < log, n.

1.1.2 Case 2: No perfect Experts exist — Weighted majority

Assume that all experts can make mistakes. With this assumption, we can’t just eliminate an expert once they
make a mistake, because then we may be left with no experts at all. Fix some 0 < 7 < % Once again, we start by
assigning all experts weight 1. The update rule is given by

) 1 wi(t—1) Expert ¢ is correct on day ¢
W; =
(1 —=n)w;(t —1) otherwise.

This time, we take the weighted majority vote, i.e., output 1iff 3=, .\ wi(t) = 32, 1)=—; wi(t). Note similarly
that each time we make a mistake, at least half the weights decrease by a factor 1 — 7.

Theorem 1.1. Let m(t) be the number of mistakes the algorithm has made and m;(t) the number of mistakes the
Ezpert i has made up to day t. Then, for any i,

2Inn
e

Proof. Define the potential function to be ®(t) = >, w;(t). Then, ®(t) > w;(t) for any i. It follows from the update
rule that w;(t) = (1 — 1)), Moreover, for each t where we make a mistake,

B(t+1) < (1) (; 4 %(1 _ n)) = (1-Dyaw,

because at most a half of the weights stay the same and the others decrease by a factor 1 — 1, and since ®(1) = n,

we have that
7 m(t)
B(t) <n (1 - 5) .

m(t) < 201+ n)m,(t) +

Altogether,
m(t)
(=)™ =w; <d(t) <n(1- 1)
Taking the logarithm of both sides, we have

m;(t)In(l —n) <Inn+ m(t)In (1 - g) .

Since 0 < 1 < 1, we have In(1 — ) > —n — n?, and In(1 — /2) < —n/2. Hence,

(=1 —n*)m;(t) <m;(t)In(1 —n) <Inn+m(t)In (1 - g) <Inn—mf(t) - g
— m(t) 1 <n(l+mmi(t) +Inn
21
— m(t) < 201+ m)my(t) + :71"
as required. 0



1.2 General setting - weights as probability distributions

In this general setting, we relax the restriction of outcomes being binary. It is natural to now introduce the concept
of “cost” which is analogous to making a mistake in the binary case. Suppose that the cost of expert i, m;(t), is
within the range [—p, p]. We normalize the weights to form a probability distribution, p(t), over the n experts.
On day t, we simply take the expectation of the experts’ prediction w.r.t. p(t), where we have an expected cost
of (m(t),p(t)). Now instead of minimizing the total number of mistakes, we minimize the total expected cost

Sy (m(t), p(t)).

Fix some 0 < n < % We start by setting p;(1) = % for all i. The weight update rule is given by

m;(t) w;(t+1)
it+1)=1-n. ——= i(t), i(t+1) = ———,
witt 1) = (10" ) w0, pite1) = i
where ®(t +1) := 3" w;(t +1).
Theorem 1.2. After T days, for any i € [n],

T

T T
Dm0, p(0)) < D malt) + - 3 malt)] + ”'717“”.
t=1 =1

t=1

Proof. The idea is similar to the proof of Theorem 1.1. Using the inequality 1 — z < e™* and the definitions, we
have
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1- Z<p<t>,m<t>>)
< q)(t)e—%(p(t),m(t».

Since ®(1) = n, by induction, we have

O(T +1) < nexp (—Z Z<p<t>,m<t>>> .

(L=n)" ze[01]

Using the inequalities 1 — nz > where 0 < n < l, we have
8 4 7 {(1+n)“" ze[~1,0] =3

T . 7\ S0 mi(®) 7\ <o ~mi(0)
(T +1) Zwi(T+1):H<1—mi(t)> > (1-) (1+> .

e p p p

Altogether,

Ssomilt) oo —milt) T
n n
1-= 1+> <O(T+1)<nexp|—-— p(t), m(t .
(1-2) (147 (T +1) ( 73 (0 mie)

Taking logarithms, we have

Q)zm ( )Zml ) <lnn - Zi@(t%m(t»

Finally, using the inequalities In(1 — n) > —n — n? and In(1 + 1) > n — n* where 0 <7 < %, we have

(2= (2) ) om0 (3= (2) ) -2 m0- 5 S < vn 2 3

p\p



Rearranging we have

T T 9 T
TS ), m@) < TS mi) + LS fma()] + .
= P L
Hence,
< = n d p-lnn
), mt)) <> mi(t) + = > ma(t)| + :
t=1 t=1 P t=1 n
as required. O

2 Application: Linear Programming (mentioned briefly in class)
Consider the feasibility version of the linear program

Ax > b
xz > 0.

(1)

Recall that in the Experts problem, the MWU framework looks roughly like:

—\[ Observe output ]—{ Weight Update }
\I

Make prediction ——>

)

___________________________________

It turns out that we can solve the linear program using the MWU method as well. This is what the algorithm
roughly looks like:

______________________________________
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2.1 The MWU solution

For the linear program, we can think of the m constraints in the following form

Az —b; >0,



where A; is the i-th row of A. We may therefore think of the m constraints as m Experts. The smaller A;z — b;
is, the larger the violation of this constraint is. And we want to put higher weights on the constraints with larger
violations (i.e. those constraints will receive “more attention” in the next round), just as how we put a high weight
on experts with better performance, with the hope that the violation of that specific constraint will decrease in
subsequent rounds. By putting a probability distribution over the constraints, we effectively reduce the linear
program m constraints to a much simpler one with only one single constraint plus the easy constraint x > 0. We
then employ an oracle of width w to find a solution for this simple linear program.

2.1.1 Oracle of width w.

Recall that in the Experts problem, the cost of each expert at any time ¢ is bounded by [—p, p|. Here, the oracle is
responsible for returning a solution to

(", Az ) > (p'") 1)
2®) >0

(2)

satisfying
AZ$(t) — b1 § w,
for all . We refer to w as the width of the oracle. Note that if (2) is infeasible, then (1) is infeasible. Indeed, suppose
for the sake of contradiction that there is a solution x to (1), then for this x, since pgt) > 0, we have

Aix > b, Vi — pgt)Aix > pgt)bi,Vi = <p(t),A:c> > <p(t),b>
x>0

which means that (2) is feasible, a contradiction.

2.1.2 Weight update

®) . Ax®—b,

7 N w

As we noted above, we want to give the higher weight to a constraint with a larger violation. Let m

Update the weight as usual
wEHl) = wgt)(l — nml(.t)).
(t+1)
Note that mgt) € [—1,1], which is equivalent to assuming p € [—1,1]. Set pgtﬂ) = %

2.1.3 Violation bound

We take the average solution over T iteration as our final solution. Let € > 0 be the error parameter. We want
to lower bound the violation of each constraint by —e to indicate that our solution is fairly good. As we have
established the MWU structure for LP, it follows directly from Theorem 1.2 that for all 4,

T T T
Inm
0<> (AxD —b,p®) <3 “mi(t) +1- Y [malt)| + e
t=1 i=1 t=1

(p®),Ax®))>(p(®)b)

Letting n = 5> and T'= 4“}25# we have

t

I
-

as required, i.e., the average is approximately feasible with error at most .



2.1.4 Runtime

It follows from Section 2.1.3 that solving the LP with the error parameter ¢ requires calling the oracle O(w? Inm /e?)
times. Additionally, it takes O(m +n) time each time we are calling the oracle given the size of the matrix is m x n.
Therefore, the total runtime is O((m + n)w? Inm/e?).

3 Application: Semidefinite Programming
LP makes us think of SDP, whose feasibility version is of the form

3) X>0

Definition 3.1 (inner product). The inner product of matrices A and B is defined by A e B := Tr(ATB) =
> AijBij.

SDP is semantically analogous to LP, generalizing nonnegative vectors = to positive semi-definite matrices X.
One may then wonder if we can use multiplicative weight to (approximately) solve SDP. The answer is yes, and
we now look at a generalization of MWU to matrices.

3.1 Matrix Multiplicative Weight Update

Recall in MWU, we have probability distribution and cost, p* and m®, as vectors. In Matrix MWU, we work
with the density matrix P(*) which by definition is positive semi-definite and has a trace of 1, and loss matrix M®
which is symmetric and has all eigenvalues in [—1,1]. The quantity we want to minimize is Zthl P o M) Fix
some 1 < 1. The update rule is given by

t
)
=1

WD i hat Tr(Pt+1D) = 1. Note that since P(*) is PSD and Tr(P®) = 1, we have

Set P(t+1) = W

() — QAQT ZA (t) (t)

where the v! are orthonormal eigenvectors corresponding to /\Z(«t) with 1 )\Z(.t) =1and /\Z(.t) > 0. We can then
think of the eigenvalues as a probability distribution and the density matrix P®) as the sum of the rank-1 matrices
v;vl over a probability distribution.

In the matrix version, the update rule is different. We want to preserve the positive semidefiniteness of P®) and
work with positive potential functions (Tr(W"))). The old update rule (I —nM®) doesn’t give us a PSD matrix
in general for a symmetric matrix M® | but exp(—nM®) does. In fact, since —nM® is symmetric, exp(—nM )
is positive definite. This way, we have W®) that is positive definite, and therefore Tr(W(t)) > 0 and by the update
rule P® is PSD.

Theorem 3.2. For any sequence of loss matrices MM, ... M) the matriz multiplicative weight algorithm
generates density matrices P ..., PT) such that
T T T Inn
M® o PO <\ .0 M® | 4+ M(t o P 4
Moreover,

T T
STPO MO < g (SO 474 21
t=1 n

t=1



Proof. Define the potential function by ®(¢) = Tr(W®). The idea is still similar to the proofs of the previous
theorems, except that for matrices, we don’t usually have exp(A + B) = exp(A)exp(B), so Tr(exp(A + B)) #
Tr(exp(A) exp(B)) in general.
Fact 1 (Golden-Thompson inequality). For matrices A, B,
Tr(exp(A + B)) < Tr(exp(A) exp(B)).

Note that by the defining properties of M), the spectral norm of M) satisfies | M]| < 1.
Fact 2 (Taylor approximation). For [|M|| <1,

exp(—M) < T — M + M>.
Applying Fact 2 to nM™) (n < 1,[|MD| <1 = ||nMD)|| < 1), we have
exp(—nMT)) < T =M™ 4 p?(M™))2,
Fact 3 (Linearity of Trace). The Trace function is linear, i.e.,
Tr(A+ B) = Tr(A) + Tr(B), and Tr(cA) = cTr(A).

Fact 4 (Trace is cyclic). For matrices A, B, we have Ae B = Be A.

Fact 5 For PSD matrices 4, B,C, if B < C' (which implies Tr(B) < Tr(C)), then A e B < A e C. This can be
derived from Fact 4 combined with properties of PSD matrices.

By construction, W® is PSD. Since —nM® is symmetric, exp(—nM®) is PSD (in fact postive definite).
Therefore, Tr(exp(—nM®))) > 0. Then, by linearity and Fact 5, we have
(% W o exp(-qM D) < WD o (1 qd D 4 20 D)2),

Using Golden-Thompson, (x), the inequality exp(—z) > 1 — z, and the definitions, we have
B(T + 1) = Te(W V) = (exp < nZM )>
T-1
<Tr (exp <—77 Z M(t)> exp (—nM(T))>

— W) ¢ exp(—yM D)

(T) _ (T) 20a7(T))2
< W e (1 nM ™) 4 p2(MD) )
—o(T)P(™)

=®(T) (1 — UM(T) o P(T) 1 n2(M(T))2 . P(T))

< ®(T) exp (—nM(T) o P L 2(M™)2 o P<T>) .

Since ®(1) = Tr(I) = n, by induction,

<I>(T+1)§nexp< nZM(t o PU +7722M(t oP(t>

Denote by Ax(A) the k-th eigenvalue of the matrix A. Suppose A is symmetric, which means all of its eigenvalues
are real. Since Tr(A) = >"1_; M\p(4), we have

r(exp(A4 Zexp M:(A)) > exp(Amin(A)).



We can lower bound ®(7 + 1) as follows

T
O(T +1) =Tr(WHHD) = Tr <exp <—n > M(t)> >

T
Z )\max <exp <—77 Z M(t)> )
t=1

Altogether, we have that

T T T
exp <—77)\min (Z M(t)>> < mnexp (—nz M® o ) 4 2 z:(M(t))2 . P(t)> .

t=1 t=1 t=1

Taking logarithms and rearranging gives
T T T Inn
34 < (S 10 ) SRR
n
t=1 t=1

Now since [|[M®]|| < 1, we have (M®))? « P*) < [ o P(Y) = 1. Therefore,

T
ZM@ o P < Ao (Z (t)> +nT+lnTn,

as required. 0

3.2 Solution to SDP

We want to add another constraint Tr(X) < R to the SDP to bound the feasibility region. R can usually be guessed
by binary search. So the SDP we are solving is

Tr(X) <R
(4) Ao X >b; i€[m]
X =0.
Consider the following system

b-y>R

m
(5) D Ay =1
j=1
y = 0.
In the standard optimization form, for the primal SDP
min Tr(X)
A; e X >0, ZE[m]
X =0,

its dual (see also [1]) is given by
maxb -y

Z Ajyj j I
j=1

y > 0.



By weak duality which does hold for SDP, we know that if y is a feasible solution to the dual and X is a feasible
solution to the primal, then b-y < Tr(X) < R. Now turning this into the feasibility form, by enforcing b-y > R in
(5), we are ensuring that if (5) is feasible, then (4) is infeasible, because otherwise the weak duality is violated.

M® )
Observe loss Weight Update

xX® = pp(t

e e e e P e — e — = -

b-y>R

| Oracle (LP):

AY

______________________________________

T iterations

To solve the SDP using Matrix MWU, we employ an oracle that solves a linear program derived from (5). If the
oracle LP returns a solution y, then the current X is not a solution to (4), because otherwise we have

R>) (AjeX)y; =) biy;=b-y>R,
j=1 j=1

a contradiction. Then, we use this dual certificate y to update the weight matrix.
If we wanted to mirror what we did in the LP section, the oracle would be on the primal and it would be looking

for X that satisfies
Tr(X) <R

=1
X = 0.

This Oracle is a simplified SDP whose solution reduces to finding )\max(zzﬁzl p;jA;) and the eigenvector corre-
sponding to it. See [3] for full treatment. In our primal-dual approach ([1]), the oracle is a linear program with two
nontrivial constraints. Both are significantly easier than solving a full SDP.

3.2.1 Oracle of width p

As usual, the oracle comes with a width, p. For a primal candidate X which we obtain from Weight Update, the
oracle returns a solution y to the system

(6) D (A0 X)y; <R

or it returns INFEASIBLE if no solutions exist. The width p ensures the y returned by the oracle is relatively close
to a solution to (5). The solution y*) returned by the oracle satisfies

1"y A = Ilop < p.
j=1



3.2.2 Weight Update
We use the oracle output to observe the loss and update the weight. The loss matrix is defined by

1 m
MO == S04, -1
j=1
Note that we indeed have ||M®)| < 1. Then update the weight as described in Section 3.1, i.e.

t
. W +1)
(t+1) _ (2) (t+1)
|44 exp( n E_ M > , P 7,1}( G

The next candidate primal solution is given by X+ = RP(+1) to satisfy the trace bound.

3.2.3 Runtime

Theorem 3.3. Let n = 2;%1{ and T = [4’)22#] Suppose that the oracle never fails in any of the T iterations,

which means the primal program is never satisfied. Then, the dual solution output y = m Zthl y®) satisfies
the constraints withb-y > R —¢.

Proof. By Theorem 3.2 and the oracle constraints, we have
MO o pt) = 1 i Mg 7] elx® s
V=1 R®

Then, the inequality simplifies to

In In
Amin M® T+ 2" A nin M® 27 .
<§ >+ + 0 — < § +n+ T 0

t=1 t=1

Plugging in the values of n and T" we have

T m
Hence,
A lii Wy 1l <=
max T yj 7 = R

Let § = 7 ZZ;I y®) . Then,

Therefore,
Souids = (14 5) 1.
Jj=1 R

Letting y = ﬁ, we have Z;nzl y;A; = I meaning that y satisfies the rest of the constraints of the Oracle LP.
Moreover,

as required. 0

The error € measures how close the oracle is to failing, which in turn represents how close the primal SDP is to
being satisfied. Therefore, this is indeed a lower bound on how close we are to a feasible primal solution. And it is
achieved with O(p?R? Inn/e?) oracle calls and each oracle call takes at most O(mn?) time.

10
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