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1 Introduction

Many graph algorithms become inefficient when the graph is dense (ex. Bellman-Ford, Prim,
Kruskal etc). A natural question is whether we can approximate a dense graph by one that has
significantly fewer edges while preserving essential properties. Spectral sparsification provides a
powerful framework for doing exactly this.

Our goal: Given a (dense) graph G (where |E| = w(|V|'™), v € (0, 1)), we aim to construct a
sparse graph H with significantly fewer edges (namely |E| € O(|V|log®(|V])), for some k € N)
such that H approximates G in a strong spectral sense. Informally, this means that H preserves the
overall structure of GG and behaves in a similar way when we perform computations on it, despite
having far fewer edges.

To achieve this, we represent graphs using their Laplacian matrices and compare graphs through
these matrices. This allows us to use tools from linear algebra to analyze graph structure.

Structure of the lecture notes: We will study several approaches to constructing spectral spar-
sifiers, each offering a different way to understand the problem.

1. Combinatorial approach: We begin with Ramanujan graphs, which provide examples
showing that very sparse graphs can still closely approximate dense ones.

2. BSS framework: We then introduce a general method for constructing sparsifiers for arbi-
trary graphs, achieving optimal sparsity.

3. Optimization-based approach (Matrix Multiplicative Weights): This viewpoint inter-
prets sparsification as an iterative optimization process, giving a different way to think about
the construction.

4. Sampling-based approach: Finally, we describe a simple algorithm based on sampling
edges according to their importance, which leads to efficient implementations.



1.1 Graphs and Laplacians
1.1.1 Definition and Example

Let G = (V, E,w) be a weighted undirected graph? with nonnegative edge weights.
Definition 1.1 (Graph Laplacian). The Laplacian matrix Lg € R"*" is defined by
—w(u,v)  ifu#vand (u,v) € E,
Le(u,v) =<0 if u# vand (u,v) ¢ E,
doow(u,z) ifu=w.

#» Example: For the following Laplacian

6 —1 —2 —3
-1 1 0 0
L -2 0 2 0
-3 0 0 3

b

The Laplacian captures how each vertex is connected to its neighbors. It plays a central role in
many graph algorithms, including clustering, random walks, and electrical flows.

1.1.2 Why Laplacians?

The Laplacian provides a convenient way to encode graph structure. In particular, as we will
encounter in the next section, expressions of the form x " Lz, called quadratic forms, capture the
total squared differences (z(u) — x(v))? across edges, meaning this quantity is large when the
values of x change significantly across edges.

Since L¢ is symmetric, graph G is completely determined by its quadratic form =" L. This
means that instead of comparing matrices entry-wise, we can compare how they act on vectors.
This perspective allows us to compare graphs using matrix inequalities and leads to the notion of
spectral sparsification.

"Throughout this lecture, we assume that G is connected for purposes of simplicity.
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2 Spectral Sparsifiers

In this section, we introduce spectral sparsification through quadratic forms of graph Laplacians.
We relate this notion to eigenvalues, give illustrative examples, and conclude with general existence
results.

2.1 Graph Laplacians and Quadratic Forms

Let G = (V, E, w) be a weighted undirected graph with nonnegative edge weights and Lg € R™*"
its Laplacian (view def. [T). Below, we will discuss some useful definitions and properties:

Definition 2.1 (Positive semidefinite matrix). A symmetric matrix M € R"*" is positive semidef-
inite (PSD) iff Vo € R"
"Mz >0

Definition 2.2 (Lowner order). For symmetric matrices A, B, we write A < B if B — A is PSD.

Given positive semidefiniteness is a key property of our Laplacians, we need to derive some equiv-
alent formulations to facilitate our analysis. Below, we present equivalent formulations of Positive-
semidefiniteness:

Proposition 2.3. Let M be a symmetric matrix. Then the following are equivalent:

1. M is positive-semidefinite
2. all of its eigenvalues are non-negative

3. there exists a matrix L s.t. M = LL".
Proof. (1) = (2): Let v be an eigenvector with eigenvalue A. Then
v Mv = \|v||* >0,

so A > 0.

(2) = (3): Let M = UAU" be an eigendecomposition with A diagonal and nonnegative. Then we
can write

M = UA1/2A1/2UT — (UA1/2><UA1/2)T
3)=(1): If M = LLT, then

t'Mr=x"LL 2 =|L"z|? > 0.



In our introduction, we had mentioned that Laplacians are particularly interesting, since they can
give us information about the value differences across edges of a graph. In this Lemma, we prove
that the Laplacian L of an undirected graph GG admits a particularly useful quadratic form that
allows us to decode this structure:

Lemma 2.4. For any vector x € R",

' Lox = Z w(u,v)(z(u) — x(v))*

(u,v)EE

Proof. Recall that (Lgz)(u) =) w(u,v)(x(u) — x(v)). Then

v Loz =) x(u)(Lex)(u) = wlu, v)z(u)(z(u) — 2(v)).

u u,v

By symmetry (swapping u, v and averaging), this becomes
1
5 Z ’LU(U, U)(ZC(U) - ‘(L'(,U))2a

which equals the desired expression since the graph is undirected. [

% Insight: Something worth mentioning from the quadratic form expression above is that

t' Lgx = Z w(u,v)(z(u) — x(v)* >0,

(u,v)EE

so Lg is positive semidefinite. Moreover, each row of Lg sums to zero, which implies that
L1l = 050 0 is an eigenvalue. In the next lemma, we will prove that for a connected graph,
the multiplicity of its 0 eigenvalue is one.

Lemma 2.5. If G is connected, then L¢ has exactly one zero eigenvalue.

Proof. The nullspace of Lg consists of vectors x such that x(u) = z(v) for every edge (u,v).
Thus, z must be constant on each connected component.

If GG is connected, this implies that x is constant on all vertices, so the nullspace is one-dimensional.
O

2.2 Spectral Approximation

We now define the central notion of this section.



Definition 2.6 (Spectral sparsifier). Let G and H be graphs on the same vertex set, with H sparse
(significantly fewer edges than G). We say that H is a (1 + ¢)-spectral sparsifier of G if for all
z € R",

2 Lex < z'Lpx < (1+ e)xTLGx.

Equivalently,
LG j LH j (1 =+ E)Lg.

This definition means that H preserves the quantities 2" Lex up to a small error, so it behaves
similarly to G' when we measure how values change across the graph.

Lemma 2.7. Assume the eigenvalues are ordered decreasingly. If
LG j LH ‘_< (1 + E)Lg,

then for all 1,
Ni(Lg) < Ni(Lg) < (1+e)Ni(Lg).

Proof. Our eigenvalues are ordered decreasingly, thus we use the max-min principle of eigenval-
ues:

oz Ax
Ai(A) = max min ———.
dim S=iz€S, 240 ' T

which allows us to approximate eigenvalues without fully diagonalizing. Since
2" Lexr <x'Lgxr < (1+€)z Lo
for all x, the same inequalities hold for what is known as the Rayleigh quotient:

2"Lex  x'Lyx 2" Lax

< < (1
T — 2Tz <(+e z'x

T
Taking the minimum over = € S and then the maximum over all subspaces S of a specific dimen-
sion 7, preserves the inequalities, thus yielding the result. [
2.3 Example: Complete Graph and Ramanujan Graphs

We now illustrate spectral sparsification through an example.
Consider the complete graph GG on n vertices. Its Laplacian is:
n—-1 -1 ... -1
-1 n—-1 .- -1

~1 -1 - n-—1



It is a useful exercise to verify that the eigenvalues of L are

/\1:--~:)\n_1:n, )\n:O
To understand how well a sparse graph can approximate a dense one, we look for graphs whose
eigenvalues are as tightly controlled as possible. Thus, we introduce Ramanujan graphs, which
are known to achieve optimal spectral bounds for sparse regular graphs, making them a natural

candidate for spectral sparsification. Recall that a d-regular graph is a graph where every vertex
has the exact same degree d.

Definition 2.8. A d-regular graph H is called Ramanujan if every nontrivial eigenvalue p of its

adjacency matrix satisfies
lu| <2vd—1.

Since H is d-regular, its Laplacian is Ly = dI — Ap. Therefore, the nonzero Laplacian eigenvalues

of H lie in the interval
d—2Vd—1<N(Lyg) <d+2Vd-1.

Claim 2.9. A suitably rescaled d-regular Ramanujan graph H is a spectral sparsifier of the com-
plete graph K,

Proof of Claim. Let G = K,,. The Laplacian of G satisfies
z' Lgx = n||z|)?
for every vector = | 1. In particular, if ||z|| = 1, then

' Lgx = n.

Now let H be a d-regular Ramanujan graph. Since H is connected, the only zero eigenvalue of Ly
corresponds to the vector 1. Hence it suffices to compare quadratic forms on the subspace 1.

For every unit vector x L 1, the Rayleigh quotient of L satisfies
d—2vVd—1<z"Lyz <d+2Vd—1.
Using 2" Loz = n on this same subspace, we get

d—2vd—1
n

' Lex < z'Lpz < z! Lot

d+2vd—1
n
Now rescale every edge of I/ by

Equivalently, the new Laplacian is

d—2vd—1



Multiplying the previous inequality by this factor gives

~ d+2vd—1
2 Lex <z Lyx < i z' Loz
d—2vd—1
forallz 1 1.
Both L and Ly vanish on the span of 1, so the same inequality holds for all vectors z € R". Thus
the rescaled Ramanujan graph is a Zt;\—h vgj—spectral approximation of K,,. Since H has only nd/2
edges, this gives a sparse spectral approximation of the complete graph. 0

The key idea behind this is that the complete graph has all nonzero Laplacian eigenvalues equal to
n. Ramanujan graphs have all nonzero Laplacian eigenvalues tightly concentrated around d. After
rescaling, this makes a Ramanujan graph a good spectral sparsifier of K.

The BSS theorem extends this phenomenon beyond the complete graph: it shows that every
weighted graph admits a sparse spectral approximation. One way to state the result is the fol-
lowing.

Theorem 2.10 (BSS / Twice-Ramanujan sparsifiers [2]). For every d > 1 and every undirected,
weighted graph G = (V, E, wg) on n vertices, there exists a weighted graph H = (V, F,wy) with
|F| < [d(n —1)] edges such that

1+2
LajLH5<d+ + ﬂ)LG

d+1—2Vd

The term twice-Ramanujan comes from comparing this theorem with the Ramanujan example
above. A d-regular Ramanujan graph has dn /2 edges, while the BSS sparsifier has at most [d(n —
1)] edges. Thus, BSS achieves a comparable spectral approximation for arbitrary graphs using
roughly twice as many edges as the Ramanujan graph uses for the complete graph.

2.3.1 Reduction to a linear-algebraic problem

To prove Theorem 10, we state an equivalent formulation of the sparsification problem in terms
of decomposing the identity matrix into rank-one matrices.

Theorem 2.11. Suppose d > 1. Let vy, ...,v,, € R" satisfy Z:Zl viv; = 1,,. Then there exist
scalars s; > 0 with |{i : s; # 0} < dn such that

“ 142
I, < Z Sz‘vﬂ);r < M I,.
— d+1-2Vd



Why Theorem 211 implies Theorem Z.11.

Proof. Let oy := ﬁﬁ;? and G = (V, E,w) be a weighted graph with Laplacian L. Recall that
Lo = Z we(ey — €) (e — )"
e=(u,v)eE

Indeed, for any vector x € R",

z Lox = Z We(2y — 1) =2 Z we(ey — €y)(ew — )" | 2.

e=(u,v)eE e=(u,v)eE
Since Ls1 = 0, the Laplacian is singular (eigenvalue 0). We therefore work on the subspace
1t ={z € R": 271 = 0}, where L is invertible.

For each edge e = (u,v), we define b, := e, —e,, and set v, := \/w, (L%)'/?b,, where L, denotes
the pseudoinverse of L.

Then, we get that:

ZUG Zwe L+ 1/2y, bT<L+)1/2

eckE eckE

Using the decomposition of the Laplacian ) __, webeb, = Lg, we obtain

Zve L+ 1/2L (LJCC‘)I/2'

eck
The matrix (L})Y2Lg(Lg;)Y/? acts as the identity on 1+. Thus, the vectors {v, }.c form a decom-
position of the identity on this subspace.

Applying Theorem _TT], we obtain coefficients s, > 0, with at most dn nonzero coefficients, such
that
1= Z seveveT =< gl

eck

on 1+, Substituting the definition of v., this becomes
I = (LE)Y? (Z sewebebz> (LE)Y? < gl
eckE

We then define a graph H on the same vertex set by assigning edge e weight wy(e) := scw.. Then
Ly =3 .cpscwebeb, . Hence, I < (LE)Y2Ly(LE)Y? =2 aal.

Multiplying on the left and right by LIG/ *on1t gives

d+1+2vd
Lo < Ly <2 2meva
Y FE DN/
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Since both L and Ly vanish on the span of 1, the inequality holds on all of R".

Finally, since at most dn coefficients s. are nonzero, the graph H contains at most dn edges.
Therefore, H is a spectral sparsifier of GG satisfying the conclusion of Theorem ZT0. [
The following result extends the BSS theorem from rank-one matrices to general positive semidef-

inite matrices, and is stated and proved by de Carli Silva, Harvey, and Sato [3]:

Theorem 2.12. Let B, ..., B,, be symmetric (or Hermitian), positive semidefinite n X n ma-
trices of arbitrary rank and B := ). B;. Then, for any ¢ € (0,1), there exist nonnegative
s=(S1,...,5m) € R™, with O(n/e?) nonzero entries, such that

B=Y sB;=<(l+¢)B.

The algorithm computing s1, . . ., Sy, runs in O(mn3/e?) time.
% Insight: We highlight that in the BSS theorem, the matrices are of rank 1, but De Carli Silva’s
work generalizes the BSS method of finding the coefficients to PSD matrices.

Now, we collect here several tools that will be used in the analysis of the BSS construction.

* Eigenvalue interlacing: Let A be PSD with eigenvalues Ay > Ay > --- > \, 1 > \,, and
let A+ vvT, v # 0, have eigenvalues ji; > p19 > -+ > jin_1 > jin. Then the eigenvalues
interlace:

A1 Spinm1 S Ao <o KA < iy

This describes how a rank-one update affects the spectrum.
e Sherman-Morrison formula: If A is a nonsingular n x n matrix and v is a vector, then
AT A1
1+ 0TA

This allows us to update inverses efficiently under rank-one updates.

(A+vh)yt=A""—

* Trace properties: The trace is linear and satisfies Tr(XY) = Tr(Y X). These properties
will be used repeatedly when manipulating potential functions.

Definition 2.13 (potential functions). Let A be a symmetric matrix with eigenvalues \;, ..., A,.
Define 1

PU(A) :=Tr(ul — A~ ' = ; P
and 1

O(A) =Tr(A—1I)"" =) po—r

We require A\, > [ and A\, < u. They measure how far away the eigenvalues of A are from u
and /.



Lemma 2.14. This algorithm constructs a sequence of matrices 0 = A© AN A" op.
taining AUV by adding tvvT (for some t > 0 and v € {v;}) to AY). The goal is for A to
satisfy

Amax (AW ug+dndy  d+142Vd

< = .
)\min(A(dn)) - lO + dn(gL d —+ 1-— 2\/8

Sketch of proof.

T -2
o T _ TN—1 _ gu vT ('l —A)"v
O (A+tv’) =Tr(W'l - A—tww’) = (A)Jr%—vT(u’f—A)_lU'

So,

v (u'T — A2
Pu(A) — ¥ (A)

O (A+tr’) < OYA) —= - > T W I-A) vt = v (Up)v = Tr(Uvoh).

~ | =

This is linear in vo?.

Similarly, for the lower barrier. Let I’ = [ 4 §;,. We have
vI(A =112
L4oT(A-UD)~

(I)II(A + tUUT) = @y(A) -

So,

(A—11)?
Dy (A) — Pi(A)

Oy (A +tov!) < §)(A) = % <o’ ( —(A—- l'])_l) v = Tr(Lvv").

Now we prove that there exists v such that
Tr(Ugov) < Tr(Lavo™),

because if so, there exists ¢ such that
1
Tr(Usvv?) < n < Tr(Lavo®).

We have
Z Tr(Usvv} ) = Tr (UA <Z vw?)) = Tr(Ual,) = Tr(Ua).

If Tr(Ua) < Tr(La), then such a vector v exists; otherwise a contradiction.

We have Te('T — A)=2
_ Ar(ul —A) T oAy-1
Tr(Uy) = Bu(A) — o (A) + Tr(u'l — A)™.

The last term equals ®* (4) < ®“(A) < ey The numerator equals — 2, ®* (A). The denominator
> (=P (A)) by convexity of the potential function. (convex function: f(y) > f(z) +
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f(x)(y — x)) So Tr(Ua) < & +ev.
Similarly, we have Tr(L) > % — €. So it suffices to require

1
—tey<——¢
5y TS5, e
Parameters: §; = 1, e, = _\}g’ ly=—2, 0y = gi, ey = —;/f\_/l, ug = 2. Then, after dn steps,

Amax (A d+2v/d+ 1
Amin(AW)) = g o2\ /d+1’

as desired. O]

IN

3 MMWUM as Another Solution

The BSS construction shows that spectral sparsifiers exist, but its proof is combinatorial and tech-
nically involved. In this section, we present an alternative viewpoint based on optimization, inter-
preting sparsification as a regret minimization problem over matrices.

Our goal: We aim to construct a matrix A = ) " | s;B; that approximates the identity matrix in
the sense that I < A < (14 ¢)I, while keeping only few nonzero coefficients s;. This corresponds
to selecting a small subset of edges in the graph.

3.1 Setup

Let By, ..., By, € S be PSD matrices such that ) )" | B; = I. We iteratively construct

ZO‘ Bis),

where at each step we choose an index j(t) and a weight a(t) > 0.

3.1.1 Potential Functions

To control the spectrum of A(t), we define two matrix-valued potentials:

Wy (t) = exp(vA(t)), WL(t) = exp(—vA(t)),
and we track their traces

Py (t) = Tr(Wy(1)), Py (t) = Tr(WL(?)).

11



We also define normalized matrices:

 W(t) o WL(®)
0= maoy T Ty

2 Insight: Intuitively, &y penalizes large eigenvalues of A(t), whereas ®; penalizes small
eigenvalues. Controlling both ensures that all eigenvalues remain in a desired range.

At the same time, this update rule resembles multiplicative weights: we maintain a distribution
over directions and update it based on observed losses encoded by the matrices B;.

3.1.2 Main Guarantee

The goal of the update procedure is to ensure that the average iterate remains spectrally close to
the identity.

Theorem 3.1. Suppose the updates («(t),j(t)) satisfy the conditions below. Then after T =

O(nlogn/€?) iterations,

Ij@j(l—l—e)].

In particular, this yields a spectral sparsifier using only O(nlogn/e?) nonzero terms.

3.1.3 Update Rule

At each iteration, we choose («(t), j(t)) satisfying:

evalt) _ 1

oy > W<XU(t)a Bjw)), (D
1 — eval®)

o1 < (Xz(t), Bj)- (2)

a(t)

These conditions ensure that the upper potential ®;; does not increase too quickly, and the lower
potential ®;, does not decrease too quickly.

The following lemma is the key step in proving the theorem.

Lemma 3.2. At each iteration,

Proof sketch. The proof follows from matrix exponential inequalities and linearization of the trace.
The update conditions are designed precisely to enforce these bounds. O

12



Iterating the bounds. Iterating the inequalities gives

Oy(T) < (14 6p) ' @p(0), L(T) < (1—6,)7®.(0).

Since A(0) = 0, we have
Oy (0) = @,(0) =Tr() =n.

Hence
(I)U(T> S (1 + (SU)TTL, CI)L(T) S (1 — 5L)T7’l.

3.2 Bounding Eigenvalues

We now relate the potentials to the extreme eigenvalues of A(7) in order to prove the theorem.

Since
Tr(exp(vA)) = Z ei(A) > P Amax(4)

we obtain
e Amax(AD) < §y(T).

Taking logarithms gives

N A(T)) < T'log(1l+ 6y) + logn'
Y

Similarly, using
we obtain
e~ min(A(T)) < (I)L(T)

which implies
- Tlog((1 —6z)"') —logn

)\HIIH(A(T)) - v

Combined bound. Combining both inequalities yields

51
(log(l o)t logn) I A,_(TT) = (log(l + ov) N logn> I

o T - Y T~

Thus, the average iterate A(7")/T is spectrally close to the identity, proving the theorem.

13



Conclusion: By choosing parameters appropriately, we ensure

]j@j(l—i—e)],

while using only 7' = O(n log n/€*) nonzero terms.

This yields a spectral sparsifier in the transformed space; mapping back to the Laplacian decom-
position gives a sparsifier for the graph.

3.3 Comparison with BSS

We can reinterpret the potentials in a barrier-function form:

U (A) := Tr(exp(—ul +vA)), ¥, (A) := Tr(exp(ll —~A)).

At each step, updating A(t) while controlling ®;; and ® is equivalent to ensuring that these barrier
potentials do not increase.

% Insight: The key difference between BSS and MMWUM is that:

* original BSS uses barrier functions and rank-one updates,

* MMWUM uses mirror descent and exponential potentials.

Both the BSS framework and the MMWUM approach show that spectral sparsifiers exist and
can be constructed by carefully controlling eigenvalues through iterative updates. However, these
methods are primarily theoretical and do not immediately yield the most efficient algorithms in
practice.

4 Effective Resistance Sampling

Algorithmic perspective. The previous sections established that spectral sparsifiers exist and
can be constructed via iterative spectral control. We now present a more direct and algorithmic
approach based on effective resistances, which leads to simple and efficient sparsification proce-
dures.

4.1 Electrical Interpretation

We view the graph G = (V, E, w) as an electrical network where each edge e = (u, v) is a resistor
with conductance w, (i.e., resistance 1/w,).

14



Definition 4.1 (Effective resistance). The effective resistance of an edge e = (u, v) is defined as
Re = (6u - ev)TLg(eu - 61})7

where L/, is the Moore-Penrose pseudoinverse of the Laplacian.

Since Ls1 = 0, the Laplacian is singular and therefore not invertible. For this reason, we work
with the pseudoinverse L/, instead.

The Laplacian pseudoinverse plays an important role in quantities such as effective resistance.
Since the pseudoinverse is obtained by inverting the nonzero eigenvalues of the Laplacian, spectral
approximation naturally extends to the pseudoinverse:

1
—xTLJéx < Z‘TLEI <

- xTLgx for all z € R™.

1—c¢

Since effective resistance can be written as R, = (e, — e,)" L (e, — €,), it follows that spec-
tral sparsifiers approximately preserve effective resistances. Additionally, since L¢ is positive
semidefinite, its pseudoinverse LJCS is also positive semidefinite. Thus R, > 0.

% Insight: The effective resistance R, can also be interpreted as the potential difference induced
when one unit of current is injected at u and removed at v. It measures how important an edge is
for connectivity:

* If R, is large, the edge is crucial (few alternative paths),

* If R, is small, the edge is redundant (many alternative paths).

4.2 Approximating Effective Resistances

Theorem 4.2 (Approximate Effective Resistances). There exists a nearly-linear time algorithm
which, with probability at least 1 — %, given € > 0 and a weighted graph G = (V, E, w), computes
a matrix Z € RF*" where k = 0(10;52") , such that

(1 —€e)Ru < [|Z(en — ev)||2 < (14 €)Ruy
for every pair of vertices u,v € V.

The running time is 0, (mli%) , Where 7 = “mex jg the ratio between the largest and smallest edge

weights in the graph. -

Modern Laplacian solvers allow us to approximately compute L5z in nearly-linear time. Using
this, one can estimate effective resistances via expressions of the form R, = (e, —e,) " L5 (e, —ey).
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Computing these quantities for all edges directly would be expensive. Instead, we use Johnson—
Lindenstrauss as follows: we compute projected vectors corresponding to Le,, for each vertex u,
using a small number of Laplacian linear system solves. Then, for an edge e = (u, v), we estimate

R. = (ey — €)' Li(ey — €)

by taking the squared distance between the corresponding projected vectors for u and v. Since
Johnson—Lindenstrauss approximately preserves squared distances, these estimates are accurate
for all edges simultaneously. Once the projected vertex vectors are computed, estimating all edge
resistances only requires one pass over the edge set, which takes O(m) time up to logarithmic
factors. Thus, this avoids computing each effective resistance separately and leads to a nearly-
linear time algorithm.

4.3 Sampling Scheme

We construct a sparsifier H by sampling edges independently. For each edge e, we sample with

probability
we R,

a ZfEE wyRy

We sample ¢ edges independently according to this distribution. Each sampled edge e is added to
H with weight:

Pe

~ we

We = )
GPe

This sampling distribution is crucial because edges with large effective resistance are more critical
for connectivity, so they are sampled more often and lastly, it ensures that each sampled edge gives
an unbiased estimate of its contribution to the Laplacian, so that E[Ly]| = L.
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4.4 Sparsify Algorithm

Sparsify (G, q)
Input: Graph G = (V, E/, w), number of samples ¢
Procedure:

1. Initialize H as an empty graph.
2. Fori=1,...,q:

» Sample edge e with probability p. o< w, R,

* Add e to H with weight w, = ;;’)i .

3. If an edge is sampled multiple times, sum its weights.

Output: Sparsified graph A

By sampling edges according to effective resistance, we obtain a sparse graph with O(n logn/e?)
edges that spectrally approximates the original graph.

Lemma 4.3. Let Ly be the Laplacian of the sampled graph. Then
E[Ly] = Lg.

Proof. Each sampled edge e = (u, v) contributes the matrix

We

eu — €y)(ey — ev)T.
qpe( (

Let X; be the contribution of the i-th sampled edge. Then

q

Ly = Xq:Xi = E[Ly] = > E[X)],

=1 =1

after taking expectation. Since each edge is sampled with probability p.,

E[X;] = Zpe . We (ew —ey)(ey — ) = 32@06(6” —ey)(ey —ey) .

ecE
Summing over: = 1,...,q gives

E[Ly] = Le.
Lemma 4.4. If G is connected, then ) ., w.R. = n — 1.
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Proof. Recall that the effective resistance of an edge e = (u,v) is
R. = (e, — ev)TLg(eu —€y).
Using the identity " Ax = Tr(Azz "), we can rewrite this as
R. = Tr(L{(ew — ev)(ew — e,,)T).

Summing over all edges and multiplying by w., we obtain

ZweR = Zwe Tr(L(ew — €)(ew — eU)T) =Tr| L} Z we(ey — ) (6w — )" |,

eck eck e=(u,w)eE

where the last equality occurs from the linearity of trace. The sum inside is exactly the Laplacian
Lg, so

> weRe = Tr(LELe).

eck

Finally, since G is connected, the Laplacian L has eigenvalues A\; > --- > )\, _; > 0and A\, = 0.
Thus L, has eigenvalues 1/)q, ..., 1/\,_1,0, and Lg L, has eigenvalues 1, . .., 1,0. Therefore,

Tr(LgLf) =n—1,
which proves the claim. [

% Imsight: If e = (u,v) is a bridge, then R, = —

The previous lemmas show that the sampling procedure is unbiased and well-scaled. We conclude
our notes by showing that with sufficiently many samples, it yields a spectral sparsifier.

We will use the following matrix concentration result, which is the one used by Spielman and
Srivastava in the proof of their sparsification theorem.

Lemma 4.5 (Rudelson-Vershynin, informal). Let p be a probability distribution over Q C R such
that sup,cq lyll2 < M and ||[Epyy” ||z < 1. Let yy ...y, be independent samples drawn from p.

Then
1< T T log q
- Z yiy; —Eyy' || <min | CM 1
q = , q

where C' is an absolute constant.
Theorem 4.6. Let ¢ = O ("log") Then with probability at least 1/2,

(1 — G)LG <Ly = (1 + G)Lg.
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Proof sketch. We omit the full reduction used in the paper, which rewrites the sampling process in
terms of a projection matrix, and focus on the role of the concentration lemma.

We write Ly as a sum of independent random PSD matrices. The analysis relies on:

* unbiasedness E[Ly| = Lg,
* bounding the size of the sampled matrices using effective resistances,

* the Rudelson-Vershynin matrix concentration lemma for sums of random rank-one matrices.

To use the lemma above, we rewrite the sampling process as sampling random rank-one matri-
ces of the form yy'. Effective-resistance sampling ensures that these matrices have controlled
norm, while the unbiasedness calculation gives the correct expectation. Applying the Rudelson-
Vershynin lemma then shows that the sampled sum concentrates around its expectation once
q= O(”log") , implying that

€2

(1 — G)LG j LH j (1 + €)LG7
which concludes the proof. [

% Insight: The probability at least 1/2 in the theorem statement comes from applying Markov’s
inequality to the expectation bound obtained from the Rudelson-Vershynin lemma.
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