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1 Motivation: optimization over matrices
A standard first-order optimization problem has the form

min f(z),

where V' is a finite-dimensional vector space together with a chosen geometry, typically encoded by
a norm. In the more familiar Euclidean setting V = R? with ||-||,, gradient descent with stepsize
updates according to

Ty = 1 — NV f(2y).

The key point is that first-order methods depend not only on the vector space structure, but
also on the choice of norm. Even when parameters can be represented as vectors, Euclidean
geometry is only one possible choice. In many applications, such as neural networks, the parameters
are naturally organized as matrices, and flattening them into long vectors can obscure important
structure such as singular values, rank, and layerwise interactions.

A simple neural network

Consider a feedforward network with IV layers. Let
ho = z, hi = o(Wih;—1), i=1,...,N,

where each W; is a weight matrix and o is an activation function applied elementwise. The network
output is
Fy (2) = hy, W= W,...,Wn).

Given a loss function £, we want to solve

i L(Fw).

So the search space is no longer R% but a product of matrix spaces:

RledO X Rdzxdl X oo X RdNXdel‘

Why not simply vectorize everything?

In principle, one may stack all entries of all weight matrices into a single gigantic vector and then
run ordinary gradient descent. Equivalently, one may imagine forming a block variable such as

|41 —Wi—
W= Wy or W= |-Wo



This is mathematically valid, but it hides the matrix structure of the problem. A more natural
viewpoint is blockwise or layerwise optimization: update each matrix W; using its own matrix
gradient Vyy, £. This leads us to the generic matrix optimization problem

min f(X).
XGR”L Xn

The point of spectral descent is that, once the variable is a matrix, we are free to use the space
with norms that are genuinely matrix-aware, rather than automatically falling back on the
Euclidean geometry obtained by vectorization.

Remark 1.1. The Frobenius norm turns R™*™ into an isometric copy of R"™":
(R™ - 2) = R, [1-112)-

Thus, ordinary gradient descent on matrices is essentially just gradient descent on the vectorized
parameter. Spectral descent is different: it uses the operator-norm geometry of matrices.

2 DMatrix norms and duality

We consider R™*" as an inner product space under the Frobenius inner product:
(A,B) := Tr(A" B).
The three most important norms for us are:

e Operator norm / spectral norm of A: the largest singular value of A.
HAHop = UmaX(A);

e Frobenius norm: 12

1/2
JAle = (3 42) 7 = (Y on)?)
ij k
e Nuclear norm / trace norm of A: the sum of the singular values of A.

1Al = ow(4).
k

If 0(A) = (01(A),...,0.(A)) denotes the vector of nonzero singular values of A, where r =
rank(A), then

[Allop = llo(A) [AlE = llo(l, Al = llo(A]; - (1)

Hoo’

Thus the relations among these matrix norms are exactly the familiar relations among £, fo,
and ¢; norms. Therefore,
[All,, < 1Al < [JAll, -

Moreover, if r = rank(A), then these norms are equivalent up to factors depending on 7:

Il < VF AL, AL < V7 1Ale, AL <7 Al

Equivalently,
14]L,, > —=|l4] IAlp > AL, 14l = 14|
op—\/; Fo F—\/; * o = *



Dual norms
The Frobenius norm is self-dual:

G|l = max (G,U).
Il = max (G.U)

In contrast, the dual of the operator norm is the nuclear norm:

G|, = max (G,U).
. ||U||op§1< )

This is one of the key reasons spectral descent looks different from ordinary gradient descent. These
mirror the familiar vector dualities

gll, = max (g,u and glli = max (g,u).
loll, = mas (9.1 lolls = max. (g.0)

From Equation (1), we see the relationship between the Frobenius norm with ¢5, and Nuclear norm
with the ¢; norm.

By Von Neumann’s trace inequality, maximizing the matrix inner product (G,U) reduces to
maximizing the vector inner product of their singular values (¢(G),o(U)). So, the matrix duality:

1G]l = max {(G,U)
[Legpmess!

is the singular-value analogue of

x (g, u).

lgll, = ma
U <

Remark 2.1. Because ||Al|,,, < || Al|z, the operator-norm unit ball contains the Frobenius unit ball.
Dually, the corresponding dual norm is larger:

1G]l = G-

FEquivalently, the nuclear-norm unit ball is contained in the Frobenius unit ball.

Polar factor

For G # 0, let
G=UxV"

be a compact singular value decomposition. We define its polar factor by
polar(G) :=UV .
For convenience, define
polar(0) := 0.
Then

[polar(G)ll,, <1,

with equality whenever G # 0, and
(G, polar(G)) = |G, -
Thus, polar(G) is a maximizer in the dual characterization of the nuclear norm:

polar(G) € arg max (G,U).
@) gHUHop§1< )



3 Smoothness in spectral geometry

For a differentiable function on a normed vector space (V, ||-]|), the natural smoothness condition is
IVAX) = VIV )l guar < LIX =Y,

where ||| j,0 18 the dual norm. When V' = R™*" is equipped with the Frobenius norm, this
becomes the usual Euclidean smoothness condition over matrices:

IVFX) =VIY)lp < Lr X =Yg

For spectral descent, we instead equip the matrix space with the operator norm, so the corre-
sponding dual norm on gradients is the nuclear norm.

Definition 3.1 (Spectral smoothness). A differentiable function f : R™*™ — R is called L.-smooth
with respect to the operator norm if

IVFCX) = VIO S L X — Y, for all X,Y € R"".
Equivalently,

IVA(X) = VI,
L, = .
)S(SEI))/ HX - YHop

This is the exact analogue of the standard smoothness condition, but with the primal norm

|[l,p and the dual norm ||-|[,.

Spectral descent lemma

Proposition 3.2 (Descent lemma in operator-norm geometry). Suppose f is L.-smooth with re-
spect to ||||,,- Then for all X,Y € R™*",

F(Y) < FX) +(VFX),Y = X) + 2y — X2,

Proof. Let A :=Y — X. By the fundamental theorem of calculus,

FOX +A) - f(X) = /01<Vf(X +AA), A)dA
_ /01<Vf(X) L VX +AA) — V(X), AddA (Add/subtract V£(X))
- /0 V), A+ /0 V(X 4 AA) - VA(X), A)dA (Linearity)
(VX)) A + /0 UV HX 4+ AA) — TH(X), A (First term constant w.r.t. \)

1
< <Vf(X),A>+/O IVF(X +AA) = VI(X)[[|AllopdA  (Duality: (G, A) < [[Gl[|A[lop)

1
< (VF(X),A) + / LAJAJZ,dA (L,-smoothness)
0
A2
= (Vf(X),A) + L*||A||gp [2] ) (Evaluate integral)

Ly
= (V/(X),A) + 7IIAH§p‘



4 Derivation of spectral descent

Let X; be the current iterate and write
Gt = Vf(Xt)

By the spectral descent lemma, a natural local upper model of f near Xy, up to an additive constant,
is

L,
Qu(8) = (Gi, A) + T |A[15, -
A spectral descent step chooses

APP e argAmin Qi(A), Xep1 = Xe+ A7,
€

RmMmXn

Solving the subproblem
We now solve I

win {1618 + 5 1813, |
Write A = aU, where a = ||A[[,, > 0 and [|U][,, < 1. Then

2

L, L
(Go A+ 5 1AL, = o (G, U) + o,

*
2
For fixed «, the best choice of U is the one that minimizes the linear term, namely

Uearg min (G, U).
i, e V)

Using duality,

min_ (G, U) = —[|Gi],
1Tl op<1

and one minimizer is

U = — polar(Gy).

Therefore, the subproblem reduces to

. L. 4
min {~a Gl + 5|
The minimizer is
at —_— L* .
Hence,
G
APD = NG, LtH* polar(Gy).

*

We have proved the following.



Proposition 4.1 (Spectral descent update). If f is Ly-smooth with respect to ||-[|,,, then a mini-

mizer of the quadratic model
L.
A <vf(Xt)7 A) + 7 ||A”gp

18

V(X
asp = VI f]g e potar(v £(X0)).
Therefore, the spectral descent update is
V(X
Kpor = % - IOl v p(x),

Remark 4.2 (Hidden Frank-Wolfe step). The direction

D, € arg | min (V/(X,),D)

1s exactly the linear minimization oracle over the operator-norm ball, which is the key primitive in
Frank—Wolfe methods. Thus spectral descent can be interpreted as follows:

(i) compute the Frank—Wolfe direction over the operator-norm ball;

(ii) scale it optimally using the quadratic model.

5 Omne-step decrease guarantee

Substituting the spectral descent step into the descent lemma gives a clean decrease bound.

Proposition 5.1 (Guaranteed decrease). If

Xip1=X¢ — ”vffjt)u* polar(V f(X3)),
then )
f(Xi1) — f(Xe) < ~3L. IV F(X)I17-
Proof. Tet Gy = Vf(X,) and
A, = Hit’* polar(Gh)

By the spectral descent lemma,
L,
FXu+ ) = F(X0) < (G, A) + 5 [ A5,

Since (G, polar(Gt)) = [|G¢l|, and [[polar(Gy)l|,, < 1,

(G, Ay) = — Hit*H* (Gy, polar(Gy)) = —Hiiﬁ,
and . 2
Ik, = YOO iy, < JEE
Therefore *”GtH2 o X 1
O = 10 < G LG 1 e



Corollary 5.2 (Nonconvex stationarity bound). Assume f is bounded below by fins. Then, for the
spectral descent update above,

T—1

D IVAXDNZ < 2L (f(Xo0) = fin)-

t=0

In particular,
2L.(f(Xo) — fint)

i X2 < )
Orgr;ngHVf( Dl < T

6 Comparison with ordinary gradient descent

If we instead use Frobenius geometry, then the relevant smoothness constant is

VA~ V)
Les=op X —vl,

The usual gradient descent update is
1

G
Xt—&—j:l) =X - Lr

Vf(Xt),
and the standard decrease bound is
1
FOXER) = £(X) < o VA (XD
F

So the two methods give the following guaranteed one-step decreases:

1
Spectral descent: ~ 57 HVf(Xt)Hz
1
Gradient descent: - va(Xt)Hi*
2LF

Remark 6.1. Because |G|, > ||G||p, spectral descent uses a potentially larger gradient measure.
On the other hand, one always has L, > L as well. Therefore neither method uniformly domi-
nates the other.

The meaningful comparison is

(A0 R 1776 511

L. Lp

Which geometry is better depends on the problem and on the structure of the current gradient, such
as its rank.

7 A quadratic toy example
To make these constants concrete, consider the matrix least-squares problem

1
FX) =5 IAX = B3, AX,BeRU

Then
VFX)=AT(AX -B)=A"TAX - A"B.

The Hessian is the linear map
Viflz)=ATAZ.



Frobenius smoothness constant

Let M := AT A. Then

|1MZ||
LF_SUP 7 E— M), =413,
12l
Spectral smoothness constant
Similarly,
MZ
b — o IMZI
Z#0 ||ZHop
Since

1M Z], < [|M]], |1 Z]

op’

we have L, < ||M||,. Taking Z = I gives equality, hence
o= o],
Because AT A is positive semidefinite,
HATAH* = Tr(ATA) = A,

Therefore,
2
L. = || All-

If we write the singular value decomposition of A as

A=PxQ",
then
ATA — QZ2QT,
so indeed
Tr(ATA) = Zoz = |A|%.

Comparing the two decrease bounds

For this quadratic problem, the guarantees become

1
FRER) = 1) < = IV

and

_L_ 2
FXERD) = X0 < = VIOl

Hence the spectral descent bound is stronger than the gradient descent bound exactly when

IS - A%
V7 CXolE = 11412,




The right-hand side is the stable rank of A:

1Al
L
1115

sr(A) ==
So, in this example, spectral descent looks favorable when the gradient is sufficiently spread out
in singular directions compared with the stable rank of the data matrix A.

Remark 7.1. This comparison is only a one-step worst-case bound. It should not be interpreted
as a universal dominance statement. In practice, the overall trajectory, conditioning, stochasticity,
and implementation details all matter.

8 Back to neural networks

Returning to the neural network setting, each layer weight W; is itself a matrix. A natural blockwise
spectral descent update is

Vi, L(W,
Wit+1 =W} - w polar(VWiE(Wt)), i=1,...,N,
*,1
where Wy = (W1,. .., Wﬁ,) and L, ; is a layerwise spectral smoothness constant.

This should be compared with ordinary layerwise gradient descent:

1

Fi

Wit =wl - 7V L(W)).

Remark 8.1 (On hyperparameter transfer). One practical advantage of this viewpoint is that
it preserves the familiar first-order optimization template: each block is updated using its own
gradient and a scalar stepsize. Thus many ideas from standard GD/SGD—learning-rate schedules,
per-layer tuning, stochastic gradients, and so on—transfer naturally to the matrix setting, while
still respecting matriz geometry.
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