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1 Introduction and motivation

The goal of this set of notes is to introduce the steepest descent algorithm and Conjugate gradient
method. We motivate the algorithms by starting with the fixed point methods and their drawbacks.

Consider the problem of solving a system of linear equations:
Az =b (D

An equivalent way of writing this as an optimization problem is to minimize the following quadratic
function:

xT

1
min f(x) := §$TA33 — bl ()

Throughout our discussion, we assume A is symmetric positive definite. So that the above problem
is strongly convex and has a unique minimizer. i.e.

2TAz >0 Va#0

One approach is to use direct solvers such as Gaussian elimination, LU etc. However, these tech-
niques are computationally expensive and often impact the sparsity of A by introducing fill-in (zero



entries become non-zero). Many times in engineering and other applications, A is sparse (say finite
difference grids for PDE’s) and we only want an approximate solution x to the above problem and
do not need an exact solution. This is where iterative methods come in.

1.1 Fixed point methods

The simplest iterative methods are of the form start with an initial guess x( and iterate as follows:

Trt1 = g(xk)

One method splits A as

A=M—-N
We can rewrite () as
(M —N)z=»>
Mz =Nx+b

Assuming M is invertible, this gives rise to our first iterative method:
Tpy1 = M 'Nay + Mo =z + M (b — Axy,)
Denote 1, := b — Ax;, the residual. So our basic iterative scheme is
Tyl = Tk + M1y,
Notice that we typically do not invert M but instead solve for py in M p;, = 7 and then iterate as

Tpy1 = Tp + Dk

Hence, it is important to choose your M carefully. At one end, you want M to be as close to A as
possible to decrease the number of iterations required. In the simplest case, we can take M = A in
which case you converge in one step! But you are basically just solving for x* directly in that case.
On the other end of the spectrum, we could take M = [ which makes solving for pj, trivial but
convergence is really slow (and may in fact diverge based on conditioning). Based on the choice
of M, we get different methods. Suppose A = L + D + U where L is the strictly lower triangular
part of A, D is the diagonal and U is the strictly upper triangular part, we get:

e M = D: The Jacobi method

e M = L + D: The Gauss-Seidel method



1.2 Convergence rates:
It can be shown that the iterative method
Tyl = Tk + M_lTk

converges iff the iteration matrix 7' = [ — M~ A, (comes from expanding r, = b — Ax;, and
combining Azy) has spectral radius

p(T) = max |\;] < 1

It can also be shown that if p(7") < 1, the rate of convergence is linear with factor:

lexll < p(T)*leol

so smaller spectral radius lends to faster convergence.

1.3 A sidenote on why we do the above
Define the error at iteration k as e, = x* — x. Then, notice that
A@k:b—A(L‘k:Tk

Obviously, we do not have access to the error ej, as if we did, we could trivially compute z* =
eo + xo. Compare the above with our iterative scheme:

Mpy, = ry; Tpy1 = T + D

So we can think of iterative schemes as finding py ~ e.

2 Steepest descent

The fixed point methods described above are really slow. Instead of using a fixed M, we could use
adaptive methods to speed up the convergence. This motivates steepest descent and the state of the
art Conjugate gradient method. In this section, we iterate as follows:

Tpy1 = Tg + QP

here py, is the search direction and « is the step size. Steepest descent is basically gradient descent
for solving the problem Ax = b. Consider the optimization problem

mxin f(x) = %xTAx — bz 3)

And given that A > 0, the above problem is strongly convex and from the optimality condition we
have
Vf(z*)=Az"—-b=0
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Hence, minimizing the problem above is exactly the same as solving the linear system Az = b.
Now, if we apply gradient descent to f, we get, V f(zx) = Azy — b= —1y

Tpe1 = T — oV f(x)) = xp + auery,
Now, we want to choose an «y, that tends to the largest decrease. Define

g(a) = f(og + ary)

we want the « that minimizes f in the step direction we took. Notice, g is convex as it is the
composition of an affine function in « and a convex function f. If we expand the definition of
f(zx + ary) then use the first order optimality condition of g using the derivative with respect to
«, we obtain the optimal «:
T
i Ary,

Hence, the steepest descent algorithm iterates as:

*

(67

T’I?T’k
r,{Ark

Th1 = T, + Tk 4)

3 Conjugate Gradient Method

We now proceed to the conjugate gradient method. Steepest descent while good is still too slow
for our purpose. This gives rise to the conjugate gradient method which does a clever choice in the
search direction. In the steepest descent algorithm, at each step, our search direction is the residual
rr = b — Axy, which is the normal to the level curve of f(x) defined earlier. While this is a good
direction to take, we can do better which lends to the conjugate gradient method.

Suppose we are in an ideal situation and we know x*, in that case, starting from an x, the best
direction to take to reach the minimizer is along the vector 2* — x;. In fact, we will be able to con-
verge in one iteration! However, we being lowly optimizers do not have access to the true solution

(.



= - Besd con sunomien . e sl canonpone iin dorer
AW -X,

In the above diagram, if we had access to the vector * — xy, we could converge in one step! But
obviously, we do not. Conjugate gradient uses some clever machinery to closely mimic this step
direction.

3.1 A-conjugacy and search direction
Consider our original iteration step as in steepest descent
Th41 = T + QxPk

where «y, is our step and py, is the search direction. Let us first compute the optimal step size like
before. We minimize

g9(a) = f(a + apx)

in .. If we set the derivative to 0 and solve, we obtain:
0=g'(a) =p} (Azp — b) + ap; Apy.
Using the residual r, = b — Axy, we obtain
0=g'(a) = —ppri + ap; Apr.
On solving, we get

o — rl{pk _ <pk,7‘]<;>
ol Ap (o Apr)
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Now, let us try to find a good search direction p;. Notice,

Tpy1 = Tk + QgPg

Multiply throughout by — A and adding b, we then get:
Tht1 = Tk — QpApy

Multiply by p?,
<pk,7“k+1> = (pk:,m> - Oék:(]?k,Apk)

But from the optimal choice of oy, we get that the RHS of the above is 0 (just substitute it in).
Hence we have,

0= (Pr, Tht1) = (Pr, Aeri1) )

But this tells us that the error vector (which would be the ideal step direction) satisfies (py,, ex11) =
0. We define the following notion of conjugacy:

Definition 3.1. A-conjugate: Two vectors z and y are said to be A-conjugate if (x, Ay) = 0.
We also define the following weighted norm which will be useful for our analysis later:

Definition 3.2. Energy norm (Weighted norm): Given a positive semi-definite matrix A, the energy

norm of a vector x is given as
lz]la = V/(z, Az)

One reason why we care about A-conjugacy is given in (8). Our ideal step direction e, is A-
conjugate to the search direction p. Hence, if we can find search directions that are A-conjugate
to each other, then we can mimic the ideal step direction and converge much faster. Additionally,
notice that

Fa) = Flo) = o An = ¥ = (GaT et o7 )

1 1
= §xTAx — (A" Tz + §x*TAx*

1 1

= —oT Az — T Az + —2*T Az
2 2
1

= §(x — )T Az — 2%)

1
= §eTAe

1
= S lells (©6)

Hence, minimizing the function value is the same as minimizing the error in the A norm. This
is the main idea behind CG. At each step, we find a search direction pj, that is A-conjugate to all
previous search directions. So a naive implementation of the algorithm proceeds as follows:
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1. Start with an initial guess xy and compute the residual
ro = b— Axg.
Set the first search direction
Po = To.
2. Construct search directions that are A-orthogonal using Gram—Schmidt:

k—1
Tkn

Pk =Tk —
pg,Apg

“M

3. Compute the step size
_ (Tk, Pk)

4. Update
Tpy1 = T + QgPk

5. Update the residual
The1 = Tk — QpApg.

This method converges in at most n steps in the worst case. That is when {p; }7_, spans the entire
space R". Of course if at any point a p;, = 0, we have found the solution as r;, = 0 then. Now I
shall prove why we do not need a full Gram-Schmidt.

But before that, I prove the following claim:

Lemma 3.3. The algorithm above gives iterates where

T = arg min f(z)
xo+span {po,p1,--Pr—1}
Proof. From first order optimality condition for constrained optimization, we have that xj; is
the minimizer of f over the space xy + span {po, p1,...,pr} iff Vf(2x41) is in the orthogonal
complement of span {po, p1, ..., px}. Or equivalently, it suffices to show that (V f(zx.1),p;) = 0
for all 0 < ¢ < k. Notice,

V(i) = A(xp — %) = =1

Hence, we want to show that (1, p;) = 0 forall 0 < i < k. (B) shows that (ry, 1, pr) = 0. Now
we proceed by induction.
Base case: k = 0: We have py = r( and hence

(7”17po> = (7”0 - 04014]907190>
= <T07p0> - 040<Ap07p0>
=0 (by definition of o)



Induction step: Assume (ry, p;) = 0 forall 0 < i < k — 1. We want to show that (ry.1,p;) = 0
for all 0 < ¢ < k. We have already shown that (ry, 1, px) = 0. Now, for 0 <i < k — 1, we have

(Thy1,pi) = (11 — ax Apg, pi)
= (rk, Pi) — ar{Apk, ps)
=0
(by induction hypothesis and using the construction of p; from the Gram-Schmidt step)

O
Now I claim that we do not need a full Gram-Schmidt process to construct the search directions.

Lemma 3.4. The search direction py, can be constructed using only the previous search direction
pPr_1 and the current residual ri,. We do not need the full Gram-Schmidt process:

k—1
(rr, Ap;)
PE=Tk— D D
o ;@j,flpﬂ ’

Instead we can do:
<7" k> Apk—l>

P =Tk — DPr—1
<pk—17 Apk—1)

Proof. Tt suffices to show that in the full Gram-Schmidt (ry, Ap;) = 0 forall 0 < j < k — 2.
We already showed earlier that (ry,p;) = 0 forall 0 < j < k — 1. So it suffices to show that
Ap; € span{po, p1, ..., pr—1}. Notice,

it =15 — a5 Ap;
Hence, we can rewrite Ap; as
Apj = —(rj —rj41)

So now it suffices to show r; € span{py, p1, ..., p;}. Notice, from the full Gram-Schmidt process,
we have

Piag =7 i (Tj+1»APi>p
j+1 — Tj+1 — SR ¢
i—0 <p27 Apz)

Hence, we can rewrite 7, as

A

+15 Pz

Tj+1 = pg+1+z NP he ) 2
i=0 p'l? p’L

Hence, ;11 € span{po, p1, ..., p;+1}. Therefore, we have shown that Ap; € span{po,p1,...,pjt+1} C
span{po, p1, - - . , pr—1} and hence (ry, Ap;) = 0 for all 0 < j < k — 2. This gives us the desired
result. N



Hence, we get the new update rule:

Pk+1 = Tht1 + Bk

where (3, is given by : )
_ _ \Tk+1, APk

This gives us the standard Conjugate gradient algorithm.

1. Initialize
xo given, 1o =0b— Axg, po=ro.

2. Fork=0,1,2,...
()
(Pk,Apk>

Tpy1 = Tg + QgPk

Thk41 =Tk — OékApk

<Tk+17 Apk>

K <pk,Apk>

Pk+1 = Tht1 + Bk

3.2 Krylov subspaces

In order to analyze the conjugate gradient method, we have to introduce the notion of Krylov
subspaces.

Definition 3.5. Krylov subspace: Given a matrix A and a vector rg, the Krylov subspace of order
k is defined as
Ki(A;70) = span{rg, Arg, Arg, ..., A¥"'rg}

We now form a connection between Krylov subspaces and the CG method. From the CG update
rule, we have

Tpy1 = T + QgPk,

We expand recursively:
k—1
Tp = Tg—1 + Qp—1Pk—1 = Th—2 + Qp—2Pk—2 + Qp—1Pgp—1 = *** = To + § a;p;j-
7=0
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Hence
xy, € xo + span{po, p1, ..., Dk—1}-

It can be shown that span{pg, p1, . .., px_1} forms a A-orthogonal basis for the Krylov subspace:
Ki(A;ro) = span{rg, Arg, A*rg, ..., A¥"'rg}

We now show that the search directions span{pg, p1, . .., px—1} form an A-orthogonal basis for the
Krylov subspace Kj(A;rg). We know

Pk = Tk + Br—1Pk—1

Unrolling this recursively, we have that py is in the span{rg,r1,..., 7% 1,7 }. So it suffices to
show that r, € K. 1(A;rg). We proceed by induction.

Base case: k = 0: We have ry € K;(A;ry) = span{ry} which is true.

Induction step: Assume 7, € Kji1(A;79). We want to show that 7,1 € Kjy2(A;rg). Notice
from the update rule of p; we have

Pk = Tk + Br—1Pk—1

Inductively, this means that py € Kjy.1(A;rg) (Using the fact r, € Ky 1(A;10) and pp_1 €
Ky (A;rg) C Kii1(A;1p)). Applying A to this gives:

Apr € Kiy2(A;mo)
Now, notice from the update rule of r;, we have

Th1 = Tk — g Apy,
Hence, from the above two equations, we have

Tri1 € Kia(A;mo)

This gives us the desired result.
So we are searching for solutions of the form:

T € To + Kk<A;7°0)

3.3 Convergence analysis

From our earlier discussion, we know
T € To + Kk(A, ’l“o)

So we can write
_ k
Tr+1 = Lo + Yoro + ’YlATO —+ -+ ’}/kA To
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Define the polynomial,
Pi(A) =yl + A+ -+ + 1A

So we can rewrite
Tpr1 = o + Pr(A)rg

We now have the following theorem regarding the convergence rate of CG

Theorem 3.6. Let A be a symmetric positive definite matrix, and consider solving the problem
Ax = b using the conjugate gradient method. Let e, = x* — xy. Then the error vector ey, satisfies,

el <2 ((VED =1 e,
VE(A)+1

where k(A) is the condition number and for SPD matrices it is given by:

)\max(A)
K(A) - )\min (A)

Proof. We shall first rewrite the error vector as a polynomial similar to x;,;. Notice that ry =
b— Axg = A(x* — zy) = Aeg. Hence, we have,

er=a"—xp=a"—x9— Pro1(A)rg = 0 — Pr_1(A)Aeg = (I — Pr_1(A)A)eg
Define the polynomial q(A) = I — qx_1(A)A g has degree atmost k and ¢;(0) = I So,
er. = qr(A)eo

Now, from our earlier discussion in (B), we have that minimizing the function value is the same as
minimizing the error in the A norm.
Hence, we can rewrite the error in terms of the function value as

Fla) — £*) = Slesld

Now, at each iteration, we are minimizing f(x) over the space x¢ + K (A, o) which is the same
as minimizing the error in the A norm over the same space. Hence, we have

lex]la = min 2" =z
xECE()-i-Kk(A,To)

Using the polynomial representation of the error gives

lexlla = min [lgr(A)eol a
qr €11k
qx(0)=1

11



Now, notice that g is a polynomial of degree atmost & and ¢;(0) = I. Hence, we can write

lexl% = min [lgx(A)eo|ls

qr €Il
q,(0)=1
n
= min Z Nigr(Ni)* (eo, ug)? (where u; are the eigenvectors of A)
qr€lly 4
ar(0)=1 =1
n
L 2 2
< Jam HIZ?%X|C]k()\i)\ Z)\i<607ui>
qx(0)=1 =1
= min max |g.(A)[*[leoll%
qr€lly 1
q,(0)=1

From theorem 6.25 and theorem 6.29 in [], we have that the optimal polynomial ¢, that minimizes
max; |qr(A\;)| is given by a Chebyshev polynomial. Using that result, we can conclude the rate of

convergence:
k
Kk(A) —1
e <2 ——— e
lexla < ( K(A)H) feoll

Remark: I used [3], [2], [T] and Dr. Greif’s lecture notes to write this set of notes.
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