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In previous lectures we have seen that gradient descent achieves a convergence rate of O( 1
k
)

for smooth convex functions. In this lecture, we will see how to improve this convergence rate to
O( 1

k2
) using a technique called accelerated gradient descent [1].

1 Motivation for Acceleration
The standard gradient descent method can be thought of as a simple iterative process that takes
steps proportional to the negative of the gradient at the current point (−∇f(xk)). However, this
method can be slow to converge, especially when the function has a large condition number (in
narrow "valleys" it experiences high oscillations). Also, in flat regions of the function, the gradient
can be very small, leading to tiny steps and slow progress towards the optimum.
The idea behind acceleration is to introduce a momentum term that helps the algorithm maintain a
sense of direction and speed, allowing it to navigate through flat regions and narrow valleys more
effectively. This momentum term can help the algorithm "push through" areas where the gradient
is small.

2 Gradient Descent with Momentum
This approach is also known as the Heavy Ball method. The idea is like the name suggests: you
descend the function as if you were rolling a heavy ball down the landscape of the function.
The ball has inertia, so it doesn’t just respond to the current slope (gradient) but also retains some
of its previous velocity. This allows it to build up speed in directions that consistently point towards
the minimum, while dampening oscillations in directions that change frequently.

The update rule for gradient descent with momentum is as follows:

yk = xk + β(xk − xk−1) (momentum step)
xk+1 = yk − α∇f(xk) (gradient step)

Where:

• yk is the intermediate point at iteration k.

• β is the momentum coefficient (typically between 0 and 1).

• xk − xk−1 is the momentum carried over from the previous update.
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Figure 1: Heavy Ball method vs standard gradient descent.

• α is the learning rate.

However, theoretically, the Heavy Ball method does not guarantee an improved convergence
rate over standard gradient descent. It can still converge at a rate of O( 1

k
) in the worst case. In fact,

for strictly convex quadratic functions, it achieves an accelerated rate of (1 − m
L
)k where m is the

strong convexity parameter and L is the smoothness parameter, but this does not generalize to all
convex functions.

3 Nesterov’s Accelerated Gradient Descent
Rather than using the gradient at the current point xk, Nesterov’s method computes the gradient at
the intermediate point yk. This subtle change allows the algorithm to anticipate the future position
of the iterates and adjust its momentum accordingly, leading to a provable convergence rate of
O( 1

k2
) for smooth convex functions which is optimal for first-order methods.

The update rule for Nesterov’s Accelerated Gradient Descent is:

yk = xk + β(xk − xk−1) (momentum step)
xk+1 = yk − α∇f(yk) ("lookahead" gradient step)

3.1 Why does this work well?
The key insight is that, in Nesterov’s method, we’re literally calculating the gradient at a point in
the direction where the momentum is taking us. This allows the algorithm to "look ahead" and
adjust its trajectory before it actually reaches that point, which can help it avoid overshooting and
oscillations that can occur in the Heavy Ball method.
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• If we’re soon approaching a minimum with momentum, we can start to slow down before
we actually get there, which helps us converge faster. In contrast, the Heavy Ball method
might overshoot the minimum and then have to correct itself, leading to slower convergence.
Thus, in this case ∇f(yk) > ∇f(xk) and therefore −α∇f(yk) < −α∇f(xk).

• If we’ve already overshot the minimum, we can use the gradient at yk to quickly correct
our course and head back towards the minimum. In contrast, the Heavy Ball method might
continue to oscillate around the minimum for a while before it settles down. Thus, in this
case ∇f(yk) < ∇f(xk) and therefore −α∇f(yk) > −α∇f(xk).

Figure 2: Nesterov’s method vs Heavy Ball method.

3.2 AGD for Smooth Convex Functions and its Convergence Analysis

Theorem 3.1. Suppose f is L-smooth and convex, with a minimizer x∗ and minimum value f ∗ =
f(x∗). Then, Algorithm 1 achieves the following convergence rate:

f(xk)− f ∗ ≤ 2L∥x0 − x∗∥2

(k + 1)2

Proof. First, we will prove the following lemma which will be useful for our analysis:

Lemma 3.2. For all k ≥ 0, we have:

f(xk+1) ≤ f(yk)−
1

2L
∥∇f(yk)∥2
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Algorithm 1 Nesterov’s AGD, smooth convex
input: initial x0, smoothness parameter L, number of iterations K
initialize: x−1 = x0, α = 1

L
, λ0 = 0, β0 = 0.

for k = 0, 1, . . . , K do
yk = xk + βk(xk − xk−1)
xk+1 = yk − α∇f(yk)

λk+1 =
1+
√

1+4λ2
k

2
, βk+1 =

λk−1
λk+1

end for
return xK

Proof. By the update rule of xk+1, we have:

xk+1 = yk − α∇f(yk)

= yk −
1

L
∇f(yk) (since α = 1

L
)

By combining L-smoothness and the above inequality, we have:

f(xk+1) ≤ f(yk) + ⟨∇f(yk), xk+1 − yk⟩+
L

2
∥xk+1 − yk∥2

= f(yk) + ⟨∇f(yk),−
1

L
∇f(yk)⟩+

L

2
∥ − 1

L
∇f(yk)∥2

= f(yk)−
1

L
∥∇f(yk)∥2 +

1

2L
∥∇f(yk)∥2

= f(yk)−
1

2L
∥∇f(yk)∥2

Next, we will analyze the change in function value from xk to xk+1:

Lemma 3.3. For all k, we have:

f(xk+1)− f(xk) ≤ − 1

2L
∥∇f(yk)∥2 + L⟨yk − xk+1, yk − xk⟩

Proof.

xk+1 = yk − α∇f(yk)

=⇒ ∇f(yk) = −L(xk+1 − yk)
(1)

4



Therefore, we get:

f(xk+1)− f(xk) = f(xk+1)− f(yk) + f(yk)− f(xk)

≤ − 1

2L
∥∇f(yk)∥2 + f(yk)− f(xk) By Lemma 3.2

≤ − 1

2L
∥∇f(yk)∥2 + ⟨∇f(yk), yk − xk⟩ By first order convexity of f

≤ − 1

2L
∥∇f(yk)∥2 + L⟨yk − xk+1, yk − xk⟩ Using equation (1)

We can now analyze the change in function value from xk to x∗ similarly.

Lemma 3.4. For all k, we have:

f(xk+1)− f(x∗) ≤ − 1

2L
∥∇f(yk)∥2 + L⟨yk − xk+1, yk − x∗⟩

Proof.

f(xk+1)− f(x∗) = f(xk+1)− f(yk) + f(yk)− f(x∗)

≤ − 1

2L
∥∇f(yk)∥2 + f(yk)− f(x∗) By Lemma 3.2

≤ − 1

2L
∥∇f(yk)∥2 + ⟨∇f(yk), yk − x∗⟩ By first order convexity of f

≤ − 1

2L
∥∇f(yk)∥2 + L⟨yk − xk+1, yk − x∗⟩ Using equation (1)

Next, as we did in the analysis of gradient descent, we want to produce a telescoping argument
to analyze the convergence rate of the algorithm. To do so, we will combine the above two lemmas
together.

Definition 3.5. We will call ∆k the gap at iteration k, which is defined as ∆k = f(xk)− f(x∗).

Rewriting the above two lemmas in terms of ∆k, we have:

∆k+1 −∆k ≤ − 1

2L
∥∇f(yk)∥2 + L⟨yk − xk+1, yk − xk⟩ (2)

∆k+1 ≤ − 1

2L
∥∇f(yk)∥2 + L⟨yk − xk+1, yk − x∗⟩ (3)

Then, by adding up (eq.2)×λk(λk − 1) and (eq.3)×λk together, we have:

λk(λk − 1)(∆k+1 −∆k) + λk∆k+1 ≤ L⟨yk − xk+1, λk(λk − 1)(yk − xk) + λk(yk − x∗)⟩ − λ2
k

2L
∥∇f(yk)∥2
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Setting λ such that λk+1(λk+1 − 1) = λ2
k allows us to create a telescoping sum in the LHS, which

will be useful for our analysis.

λ2
k∆k+1 − λ2

k−1∆k = λk(λk − 1)(∆k+1 −∆k) + λk∆k+1

≤ L⟨yk − xk+1, λk(λk − 1)(yk − xk) + λk(yk − x∗)⟩ − λ2
k

2L
∥∇f(yk)∥2

To make the RHS of the above inequality telescoping as well, we can use the power of β to help
us with the analysis. We make the following claim:

Claim 3.6. The following equality holds:

L⟨yk − xk+1, λk(λk − 1)(yk − xk) + λk(yk − x∗)⟩ − λ2
k

2L
∥∇f(yk)∥2 =

L

2
(∥zk − x∗∥2 − ∥zk+1 − x∗∥2)

Where zk = λkyk − (λk − 1)xk−1.

Proof. We will first factor out λk from the inner product:

RHS =L⟨yk − xk+1, λk(λk − 1)(yk − xk) + λk(yk − x∗)⟩ − λ2
k

2L
∥∇f(yk)∥2

=Lλk⟨yk − xk+1, (λk − 1)(yk − xk) + (yk − x∗)⟩ − λ2
k

2L
∥∇f(yk)∥2

=Lλk⟨yk − xk+1, λkyk − (λk − 1)xk − x∗⟩ − λ2
k

2L
∥∇f(yk)∥2 (*)

Now, we want to simplify the second vector in the inner product, that is λkyk − (λk − 1)xk − x∗.
Note that:

yk = xk + βk(xk − xk−1)

First, we will write zk in terms of xk and xk−1:

zk = λkyk − (λk − 1)xk−1 = λk(xk + βk(xk − xk−1))− (λk − 1)xk−1

= λkβk(xk − xk−1) + λkxk − (λk − 1)xk−1

= λk−1xk − (λk−1 − 1)xk−1

Also, by setting βk =
λk−1−1

λk
, we have:

λkyk − (λk − 1)xk − x∗ = λk(xk + βk(xk − xk−1))− (λk − 1)xk − x∗

= λkβk(xk − xk−1) + xk − x∗

= (λk−1 − 1)(xk − xk−1) + xk − x∗

= λk−1xk − (λk−1 − 1)xk−1 − x∗

= zk − x∗
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Where the last equality follows from the definition of zk in terms of xk and xk−1. Now by substi-
tuting the above equality into eq.*, we have:

RHS =Lλk⟨yk − xk+1, zk − x∗⟩ − λ2
k

2L
∥∇f(yk)∥2

=Lλk⟨
1

L
∇f(yk), zk − x∗⟩ − λ2

k

2L
∥∇f(yk)∥2 gradient step

=λk⟨∇f(yk), zk − x∗⟩ − λ2
k

2L
∥∇f(yk)∥2

Fact 3.7. The following equality holds:

2⟨a, b⟩ − ∥a∥2 = ∥b∥2 − ∥a− b∥2

Exercise 3.8. By setting g = ∇f(yk), a =
√

λk

L
g and b =

√
λk

L
(zk − x∗), prove the following:

λk⟨∇f(yk), zk − x∗⟩ − λ2
k

2L
∥∇f(yk)∥2 =

L

2
(∥zk − x∗∥2 − ∥zk+1 − x∗∥2)

Which proves the claim.

Therefore, we have:

λ2
k∆k+1 − λ2

k−1∆k ≤
L

2
(∥zk − x∗∥2 − ∥zk+1 − x∗∥2)

Now, by summing up the above inequality for k = 0, 1, . . . , k, we have:

λ2
k∆k+1 + λ2

0∆1 ≤
L

2
(∥z0 − x∗∥2 − ∥zk+1 − x∗∥2)

=⇒ λ2
k∆k+1 + 0 ≤ L

2
∥z0 − x∗∥2 (*)

Fact 3.9. By the choice of λ0 = 0, we have z0 = x0.

Proof.

z0 = λ0y0 − (λ0 − 1)x−1

= 0 · y0 − (−1)x0

= x0

Lemma 3.10. By the choice of λ1 = 1, we have λk ≥ k+1
2

for all k ≥ 1.
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Proof. We will prove the lemma by induction. For k = 1, we have λ1 = 1 ≥ 1+1
2

. Now, suppose
the lemma holds for all k′ < k. Then, we have:

λk =
1 +

√
1 + 4λ2

k−1

2

≥ 1 +
√
1 + k2

2

≥ 1 + k

2

Now, by substituting the above lemma into equation.*, we have:

∆k+1 ≤
L∥z0 − x∗∥2

2λ2
k

≤ 2L

(k + 1)2
∥z0 − x∗∥2

=
2L

(k + 1)2
∥x0 − x∗∥2

Which gives us the desired convergence rate of O( 1
k2
) for Nesterov’s Accelerated Gradient De-

scent.

Theorem 3.11. Equivalantely, we can also show that Nesterov’s AGD has O( 1√
ϵ
) iteration com-

plexity to achieve an ϵ-optimal solution, i.e., to find xk such that f(xk)− f ∗ ≤ ϵ, we need at most
O( 1√

ϵ
) iterations.

Proof. Using the result above, it suffices to find k such that 2L∥x0−x∗∥2
(k+1)2

≤ ϵ.

2L∥x0 − x∗∥2

(k + 1)2
≤ ϵ

=⇒ (k + 1)2 ≥ 2L∥x0 − x∗∥2

ϵ

=⇒ k = O(
1√
ϵ
)
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